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Analysis showing that the effective viscosity created by
Reynolds stresses during turbulent motion in the boundary
layer is a function of the turbulent Reynolds number and
only of the turbulent Reynolds number. This number com-
prises the total turbulent energy, the scale of turbulence,
and molecular viscosity. This function is shown to be
universal for turbulent boundary-layer flows and to be in-
dépendent of the presence of a pressure gradient. An ana-
lytical relation between the effective viscosity and the
turbulent Reynolds number is derived from processed measure-
ments of the turbulence characteristics. With this relation,
it is possible to use, instead of six equations for the
second moments, only one equation for the total turbulent
energy. A system of differential equations consisting of
the Reynolds equation, the equation of total turbulent
energy, an empirical distribution of the turbulence scale,
and an empirical relation for the dissipation energy is
integrated on an electronic digital computer. The solution
obtained exhibits a laminar, a turbulent, and a transition
region. The beginning of the transition region and the

behavior of the =solution in this region depend on the value

#* Numbers in the margin indicate pagination in the original foreign text.
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of turbulent energy in the initial cross section. In the
laminar and turbulent regions, the solution is independent
of this value. The velocity distribution and distribution
of total turbulent energy are obtained, and a relation be-
tween the friction coefficient and Reyneclds number is de-

rived. The results are compared with the experiment.

It is shown in this paper that the effective viscosity, arising as a conse-
quence of Reynolds stresses during turbulent motion in the boundary layer, is a
function only of the "Reynolds turbulence number™" composed of the total energy
of turbulence, the scale of turbulence, and molecular viscosity. With the
assumptions made here, this function is shown to be universal for turbulent
flows of the boundary-layer type and does not depend on the presence of a pres-
sure gradient. The specific type of dependence of the effective viscosity on
the Reynolds turbulence number is obtained by analysis of the measurements of
the turbulence characteristics.

The dependence found makes it possible to manage with one equation for the
total energy of turbulence, in pla~e of the six equations for second moments.
For the third moments entering the equation of the total energy of turbulence
and characterizing the spatial diffusion of the energy of turbulence, in this
work, as in those of other authors, we introduce the "gradient concept'" and
assume that the diffusion coefficient is a function only of the Reynolds turbu-—
lence number. A comparative evaluation of the terms of the equation of total
energy of turbulence for the case of flow in boundary layers shows that the
terms containing the third imoments are small in comparison with the principal
terms. Therefore, the diffusion coefficient of the total energy of turbulence

cannot be given exactly. Here, the dependence obtained from experiments on the
2




attenuation of homogeneous turbulence is used for the terms expressing the
dissipation of energy.

The system of differential equations, consisting of Reynolds equations and
the equation for the total energy of turbulence, which is supplemented by the
empirical dependences mentioned above and by the empirical turbulence scale,
was integrated on an electronic digital computer for the particular case of a
flat plate.

It was found that three regions can be distinguished in the solution ob-
tained: laminar, transitional, and turbulent. The start of the transitional
region and the character of the behavior of the solution in this region depend
on the value of the turbulent energy at the initial cross section. In the
laminar and turbulent regions the solution does not depend on the value of the
turbulent energy at the initial cross section. This paper gives the velocity
distribution and the total turbulent energy distribution as well as the depend-
ences of the friction coefficient on the Reynolds number; the results are com-

pared with experimental data.

Symbols

<
n

kinematic viscosity
p = density
t = time

U, = components of the mean velocity vector (i, j, k = 1, 2, 3)
P = mean pressure

%, = rectilinear rectangular coordinates (i = 1, 2, 3)

8,y = Kronecker delta

u, = components of the velocity fluctuation vector (i = 1, 2, 3)
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p = pressure fluctuation

R = Reynolds number

8 = boundary-layer thickness

{4 = characteristic length of flow surface
U, = velocity at edge of the boundary layer

dimensionless "turbulent viscosity™

a
n

Uy = dynamic velocity

Ty = friction stress on flow surface
Cy = friction coefficient of plate

T = dimensionless coordirate

Ui U.§ S

R=_;"', R8= C,:Pugozl §‘l’w(1‘1)d.1:1 .

The x and x3 axes are directed parallel to the flow surface respectively
along and across the mean flow; the x; axis is perpendicular to the flow surface.

1. As is known [see, for example (Bibl.l)], the average values of the /1
quantities characterizing the flow (velocity vector components, pressure) in

turbulent flows of an incompressible fluid obey the Reynolds equations:

3
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Upper-case letters designate average values, and lower-case letters denote
fluctuating values; < > signifies averaging. By averaging, we mean time-
averaging since stationary flows will be examined from now on.,

From the Navier-Stokes equations we obtain, by well-known methods [see,
for example (Bibl.2, 3)], the equations for the components of the tensor of

turbulent stress entering eq.(l.1):
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The mechanical meaning of the individual terms in eqs.(1.2) can best be
explained for i = jo. In this case, the equations describe the behavior of the

energy of fluctuations of an individual component of the velocity vector:

6<e> 3(6) Ou;
+30g 3 o = (oo

k=1

3
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(1.3)

(e; u’/z i=-1,2, 3)

The first two terms of egs.(1l.3) characterize the tec:al time rate of change
of the energy. The third term characterizes the work of Reyrolds stresses,
converting the energy of the mean flow to the fluctuation energy of a given
velocity component. The fourth term characterizes the process of fluctuation
energy transfer between the individual components of the velocity vector by
means of pressure fluctuations. The fifth term characterizes the spatial diffu-
sion of the fluctuation energy. Finally, the last term characterizes the dissi-
pation of the fluctuation energy.

We will examine the problem of a stationary plane turbulent boundary layer.
In this case, the partial derivatives from the average quantities with respect
to time and the coordinate x; will be equal to zero. The velocity vector com-
ponent Us will also be identically equal to zero. As a consequence of this,

<y, us> and <ugus> do not enter into the equations for the remaining <y u;>.




Therefore, the equations for <ujusz> and <uguz™> will be discardec. In this case,
they can also be determined from the experimental data from which it is known
that, in a plane boundary layer, <ujus> = <ugus> = O.

The terms are estimated in egs.(l.l) and (1.2). The square root of the
ratio of the houndary layer thickness to the characteristic length of the flow
surface is taken as a smallness parameter. For a turbulent boundary layer on a
flat plate, we have 6/4 = 0.37 R"°°. When R changes in the range from R = 1C°
to R = 107, the ratio (8/4)¥% changes from 20% to 127, i.e., the quantity /35
(5/L) ig approximately by one order smaller than unity. Therefore, in egs.(1l.1l)
and (1.2) we discard the terms starting with an order of smallness (6/4»)]‘/2.

This leaves only terms of the crder of unity.

We will assume that in the turbulent boundary layer the inertia forces,
which are expressed by the left-hand side of eq.(1l.1l), are equal in order of
magnitude to the forces of viscous and turbulent stresses. Furthermore, it is
known from the experimental data that in the case under consideration all <uuy >
are of the same order [except <ujuz> and <upus> which are equal to zerol.

Hence, it follows that <uu;> ~ U8/ and v~ U35/L. As a result, egs.(1l.1l)

take the usual form:

U, U, _ 1 9P AUy 9 Cwun)
Ul 6.!‘; + 2 axg = p 01‘1 + v axez a.’c;
Uy , s _ P (1.4)
mtm =0 @m=0

It follows from an estimate of the terms in egs.(l.2) that, in all equa~
tions, we can neglect terms expressing the total time rate of change and the
Jiffusion of the tensor components of turbulent stresses. Among the terms ex-
pressing the work of Reynolds stresses, only the terms <ujus> AU;/3x> [in the

equation for <ui>] and <u3> dUy/>x2 [in the equation for <ujuz>] are of the



order of unity. Since we are examining & stationary case so that the tensor
components of the turbulent stresses do not increase in time, energy balance
should exist at each point. Therefore, in the equations for <ui> and <ujuz>
the terms expressing the dissipation of the turbulent stress tensor should also
be of the order of unity. Since the dissipation occurs in small-scale fluctua~-
tions which are isotropic, the dissipative terms in other equations should also
be of the order of unity. However, it is known from experimental data that
<u%> ard <u3> are of the same order as <> and <ujup>. Cons:quently, the
energy source should be of the order of unity, which would maintain <u3> and
<u%> at such a level. The terms expressing energy transfer between components
can be the only terms causing energy fluctuations of <3> and <u§>, which can
be of the order of unity. Consequently, the system of equations (1.2) takes the

following form, in accordance with the above estimates and discussions:
oy 22 4 P+ 2 () >
a v
P+ u/(a521>-— 0
) 3
£>+ (“W>=°
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(1.5)

2. Proceeding from the assumption that the portion of energy transfarred
by pressure fluctuations from <uf> to <m§> is proportional to their difference,

Rotta (Bibl.2) obtained the following formula [see also (Bibl.3)]:

%<” (%:‘ + 'g‘:%)> =K -'zfi(ﬂm‘» —%MC) o (20= ® - Cusd + ud) (2.1)

Here L is the scale of turbulence, K is a certain constant, and e is the /16

energy of turbulence.




For terms expressing the dissipation of the ccmponents of the tensor of
turbulent stresses, Rotta in the same work (Bibl.2) on the basis of experimental

data proposed a formula similar to the following:

Ou, 9 < )]
2< uy duy (“2‘1‘,‘: + 8y 'V:L 32’) (2.2)

oz, 6:.

where C and % are constants. Let us substitute egs.(2.1) and (2.2) into the
system (1.5); after easy calculations we obtain

_ _Siqug) _ rs
U oz) = r+ B (r +

(r = VEL) . (2.3)

v

Here, r is the Reynolds number of turbulence, while o, 3, v are constants

expressed by K, C, and .
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Thus, in a turbulent boundary layer the dirc¢::lonless "turbulent viscosity"
e is a function only of the Reynolds number of ‘urbulence. However, egs.(2.1)
and (2.2) were obtained under rather gross assumptions, so that eq.(2.3) indi-
cates only the possibility of the existence of such & regularity and is in need
of experimental confirmations.

3. To determine the dependence e(r) from the experimental data, we need
measure all the quantities entering into the determination of ¢ and r (i.e.,

<ui>, <«u%>, <d>, <uup>, L, dU;/dx3, V) at each point of the turbulent boundary




laver or other turbulent flow in which the estimates which led to systems of
equations (1.4) and (1.5) hold true (for example, a plane wake, a plane flow, a
plane ¢ 'annel). Only in this case can we obtain che dependence ¢r). Unfortu-
nately, there are very few works in the literature in which all of the above
quantities have been measured. In most works, only some of these ruantities
have been measured. A number of papers give dar= 1 the measureme::ts of some
group of characteristics of turbulence without &1 accurate description of the
experimental conditions {for example, the distribution of <wu;>/U% with respert
to xa/8, without an indication of the valuesof U, 6§, and v or Rg)J. This cir-
cumstance also makes it impossible to obtain the dependence e¢(r) from these ex-
perimental data.

There are especially few data suitable for analysis of the measurements of
the turbulence scale. To obtain ‘he dependence ¢(r), we must accept some one
definition of the turbulence scale for all the experimental data.

In the present work, we have accepted the following defin’tion of the turbu-
lence sccle: The scale L is equal to half the distance s between points at
which the cross correlation function .

Cuy (21, 23 + 82)uy (71, T3 — 2/2))
Vb (2, 7 + 62)>Ca® (21, 23 — 5/2)5

R (s, x1, 23) =

vanishes with the prescribed accuracy. This meaning of the scale is ascribed
to point (x;, x3) lying in the middle of the segment connecting these points.

Figure 1 shows a typical shape of the function

Cuy (<1, Zo)uy (21, 7~ 4 2))

V<t (2, za)>cusd (1, 13 + 2))

taken from another paper (Bibl.4). It is evident that Ry, (s) and Ri;(s) vanish

Rn’ (‘o zy, z‘) -

#th the prescribed accuracy at the same values of s = 2L. The experimental




data (Bibl.s) on measurements of Rj; (s, X1, Xz) in the boundary layer on a flat

plate were analyzed, to obtain the distribution of the scale of turbulence. In

o4
£ )
i o o .
2] 8 5
I,/8
a 04 08 2
Fig.2

this case, the point to which we must ascribe the value of the turbulence yavi
scale, equal to L, has coordinates (x;, xz + L) if s > 0, or (x;, x2 = L) if

s < 0. The results of such an analysis are given in Fig.2. The obtained

o0, 13 op3 NN . 5%
w0 - ‘*’»f’f‘%f?’:/’%u-'

Fig‘B

experimental curve was approximated by a broken line. In the present work, it
is agsumed that the obtained distribution of the turbulence scale holds true at
any place of the boundary layer on a flat plate.

The distribution of the quantity ve/uyé across the boundary layer of a flat
plate, calculated from the data of Klebanov and Townsend, is given in a mono-
graph (Bibl.3). It was found that, in the range of 3 X 10* < Ry < 8 x 10%,
ve/u,b is a function only of x3/8. The same monograph gives Klebanov's experi-
mental data on the distribution of <u}i>, <u3>, <u3> across the boundary layer

of a flat plate for Ry = 8 x 10* (wg/U, = 0.037). Using the distribution of

10




the turbulence scale across the boundary layer shown in Fig.2, we can calculate

r and €. The results of this calculation are shown in Fig.3 (black dots).

12

Fig.l

The experimental data on the distribution of 2e/u, across the boundary
layer for Rg = 7.3 x 10 are given elsewhere (Bibl.5). These data were also
analyzed and are plotted in Fig.3 (points given as circles).

In this range of r numbers, the dependence ¢(r) was approximated by a
linear function: ¢ = ar.

The experimental data on the distributions of the components of the turbu-
lent stress tensors, mean velocities, and turbulence scale in the self-similar
part of a plane wake behind a cylinder given elsewhere (Bibl.6) were also ana-
lyzed to obtain the dependence e¢(r). The results of this analysis are shown in
Fig.4L. In this range of r numbers, the function e(r) is satisfactorily approxi-
mated by a semicubical parabola: € = or°/ro. However, Townsend (Bibl.6) gives
data only for the distribution of the integral turbulence scales. We can con-
slude from these data that the turbulence scale, in the sense of the definition
accepted in this work, is constant across the wake and no conclusions can be
drawn concerning the magnitude of the scale. Therefore, the scele for r in

Fig., is conditional.



lho An analysis of the experimental data on the distribution of the com-
ponents of the Reynolds stress tensor, the mean velocities, and the turbulence
scale made it possible to construct the dependence of "turbulent viscosity" on
the Reynolds number of turbulence. This dependence is well approximated by the

following piecewise-smooth function

e=H(r)ar
r/ro 0 r/re<0.75 (. 1)
Hl(r) —l{'/'°—(’l'o—075)’075<P/fo<125 e l)
125<l‘/r°<oo .

5. Adding of all equations in the system (1.3) will yield the equation /18

for the total turbulent energy:

3
2’—+ 2 kaz + 2 <“iuk>

+i a:k [_V__+<uk 2 (GQ—P'}' )>]+V é <(%:')’>=0. (5.1)

k=1 i, k=1

As a consequence of the continuity equation for velocity fluctuations,

we have

3
i dui —
'p—g( ——>

If, in eq.(5.1), we make estimates of the terms and discard small terms

beginning with tiie order of smallness (6/&)1/2, we obtain the following equation:

—(Ux"z> + Z <(:::)> ‘ (5.2)

jo k=1

If, in eq.(5.2), we add a term expressing the diffusion of turbulent
energy in the direction x; and having an order of smallness of (6/&)1/2, as well
as convective terms having an order of smallness of (8/1), then we obtain an
equation analogous to the equation of heat transfer in a compressible laminar

toundary layer:

12



Urgme + Uy g = dﬁ—,-ﬁé’%—@: (1p+———“"‘*"2”*"”)>] -

-—(uu) '2‘<(01k)> (5-3)

The addition of these terms will not change the result, since the added
terms are small in comparison with the principal terms. As a result, we obtain
a system of equaticns for which methods of numerical integration have been
worked out [see, for example, (Biol.7)l.

In eq.(5.3), the term expressing the work of the Reynolds stresses is re-

placed by its expression in terms of "turbulent viscosity"
14
— gy Gt = ve (r) ()" (5.4)

For the term expressing the dissipation of turbulent. energy, we can obtain

the following expression, after summing eq.{2.2) with respect to all i = j

3

vi;:l<(:—;:)2>:vC(1+ur)%. (5.5)

~

As already indicated above, eq.{2.2) was obtained under rather gross as-
sumptions. It is known from experimental data (Bibl.8) that the energy dissipa~-
tion at homogeneous turbulence and at large Reynolds numb-.'s 1s expressed by

the formula:

<( :::) >~ I = ‘vAr-{—,- (A=const) . (5.6)

It is also known that at small Reynolds numbers the expression for the
turbulent energy dissipation deviates from this law; the character of this
deviation has been little studied. We can assume that, at inhomogeneous turbu-
lence as it occurs in the boundary layer, the expression for the turbulent /19

energy dissipation can be written in the following manner:

13



v = vCD(r)i
';— <( b “ (5.7)

where D(r) is a certain function which, when r = =, asymptotically approaches
a certain straight line passing through the origin of the coordinates. It
follows from the experimental data on the attenuation of turbulence at the final

period of degeneration (Bibl.8) that for r - 0

RGOt

i, k=1

Hence it follows that D{(r) = 1 when r - O. However, the character of the
behavior of D(r) for intermediate values of r has not been studied. Further-
more, caution is recommended in transferring the results of experiments at
homogeneous turbulence to turbulent flows with a mean velocity gradient. Un~
fortunately, to our knowledge there are no experimental data available, from
which D(r) could be determined for the case of turbulent flows with a mean ve-

locity gradient. Therefore, we assume here thati

D(r)=1+4e(ur) (5.8)
where # is a certain constant factor.
The quantity D can be treated as some "intravortex" M"turbulent viscosity'"
caused by small-scale fluctuations. This interpretation permits the assumption
that the term expressing diffusion of the turbulent energy can be expressed in

the following manner:
i R S S EE A GO R (5.9)

Thus, the following system of differential equations is obtained for the

turbulent boundary layer:

Ulaux Ly, _top +a%(vMa_U_l); U 4 0 _ ), (5.10)

3 6:. P az‘l 32‘. 021 az'a =

L,



de a

e - e . oy
Vi + Vv = 3 (0 37) + 901 = 1) (7 —ven 55

The system (5.10) is closed by the functions
M=1+¢e(r), D=1+e(r), L/d=q(r:/3) . (5.11)

Here o(x3/6) and e¢(r) are the empirical functions obtained above in Sec-
tions 3 and L, where the function ©w(xz/8), generally speaking, is valid only
for the case of a boundary layer on a flat plate.

6. For the case of a flat plate, the system of equations (5.10), (5.11)
was integrated by the net-point method analogous to that described elsewhere
(Bibl.7). The boundary conditions for xz = O were the usual conditions of
attachment U; = Uy = e = O, For x3 - o, U; - Uy, we have e = O. The integra~-
tion was started from a certain point of the flat plate, corresponding to a
Reynolds number of the order of 10* plotted for the distance from the leading
edge of the plate. Here, it was assumed that the boundary layer was still
laminar. Therefore, as the initial mean velocity profile U;(x0, X2) we took
the Blasius profile. It was assumed that, in the initial cross section of /20
the boundary layer, small disturbances were present whose energy was distributedi

across the layer according to the following law:
e(za) = [V (22))%, ¥ (2s) = Ve, (22 23,) exp {2 [1 — (25 [z, )4} .

The function #(xa) for Xz = Xz, has a maximum, moreover ¥(xz,) = ,/€;. Here,
the obtained distribution of the turbulence energy in the initial cross section
satisfies the boundary conditions.

By means of the continuity equation, the first equation of the system (5.10)

is transformed into
Xy

UL AU, ( ol ) oL\
U =B T = B (M ) (6.1)
o

15



The field of integration is covered by a wniform net with intervals of

Axy = hy and Axs = hze The partial derivatives in eqg.(6.l) are replaced by the

finite difference expressions

al, i
_a'};'; ~ _’_IT (u m+l__ unM)’ Ul ~ 1/z (unmu + u“m)
al,

oy = 2h, [0(u 1':‘:11 mu) +(1—0) 04",1 —_ un_l)]

U,
37’ (M —a—_z;-) ~ h” [M:‘:’"//: (u:':l’. "H"l) MT’I‘@'/, (u m+l m+1)] +

+ hz [M;n:"//: (“':u - “nm) - M:un:f'//’ (u,™ — “?—1)]
Mt = s (M M), M 1y (M, ™ M

n+lfy =~

uy™ = Uy (mhy, nha),  M™"t = M {(m 413 b, nha], 0<O<1 «

The integral in eq.(6.1) is replaced by the expression from the formula

for a trapezoid:

Xz ms1 m n—1, m+1 ] m )
aU, hy | Un ~— Uy, up™t — y,™
1 ~ 2 0

\ 72 dzry ~ —- ) [ +2 2: T .

L]

These relationships approximate the terms entering into eq.(6.1) at the
point x; = (m + $)h;, X2 = nhy with an accuracy of O(13) + O(h;). If we substi-

tute these expressions into eq.(6.1), we obtain the following equation:

n
mil

m#+1 +H \l m+l
=yt Bn"n — Tn'n-y —%n Z Uy =6n . (6‘2)
k -1

Here, o,, By, Yps 04, 8, are expressed in terms of

w™ (k=1,2, .., n41), u™M, M™V(s=n—1,n, n-t1)

and also M*¥2 = ¥(r2*¥2), where

". m+'/y =y me)/z 6m+|/.¢ (Shg / 6m+'/.)
6"‘*'/: =0.5 (6 (Im + 1] hl) +8 (mhl)] .

In the same manner, we can obtain the difference equation approximating

with the same accuracy the differential equation of the energy of turbulence at

the point (x; = (m + %)hy, Xz = nhz)

16



- “n”?ﬂl + Bn'enmﬂ»_ Tn'e'frjl‘ = 5," . (6 03)

In the expression for the coefficients of egs.(6.2) and (6.3), the quanti-
ties w'tl, w*t, wifl, €ff1, &', and €'} enter as sums of the type (ui*! +
+ ul); therefore, for small intervals of h; the values of these sums and thus

also the coefficients of egs.(6.2) and (6.3) change little if we replace u§+1,

e"*! by wl, el. This permits calculating the coefficients of egs.(6.2) in first
approximation, assuming that ui*! = u®, In this case, we obtain a system of /21
linear algebraic equations which is solved by the method of successive elimina~
tion of unknowns, using the boundary condition u5+1 = O, Here, the system of

equations (6.1), for various n = 1, 2, ..., N, reduces to the form
UM = 4 ML B (n=1,2,...,7) . (6.4)
The edge of the boundary layer is found from two conditions:
Ullyps = Uy~ (U1 02g)le g = 0 - (6.5)
Condition (6.5) with consideration of eq.(6.4) was transformed into
W = U, Uy —Ay) —By<e . (6.6)
From the last condition in the system (6.6), we determined the number of

.the point N at which dU;/dx; vanishes with the prescribed accuracy. We then

, T
Ule! |5 1017

JA%

Fis.s
atl

determined all u:+1 in sequence, after which the values of e} = were determined

in the same manner. In this case, the values of u:+1 obtained in the first

17



=7

approximatior. were substituted into the formulas of the coefficients of

egs.(6.3).

Tre calculation was then repeated for Wt ! of the first approximation

to find the values of Wi*?, €' of the second approximation, and so forth. The

process of iteration continued until the thickness of the momentum loss

(o]

U U
6‘.—_—8_1(1_ l)dl‘g
QT TT,

stopped changing from iteration to iteration with a certain accuracy €z .

The boundary-layer thickness in each iteration, needed for the calculation
of r, was determined from the condition Uy = 0.99 Uy since the distribution of
the scale across the boundary layer shown in Fig.2 was obtained precisely with
such a determination of the boundary-layer thickness.

Thus, having determined the distribution of éhe velocity Uy and of the
turbulent energy for a certain x; = moh;, we can calculate the distribution
U, ([mo + 1] hy, kha), e([mo + 1] hy, khz), and so forth. The number of
points N across the layer increases with an increase in boundary-layer thick-
ness. At the end of the calculation for x; corresponding to a Reynolds number
of R » 3.5 x 10°, we have N = 700,

Before integrating the system of equations (5.10), (5.11), the boundary
and initial conditions were reduced to a dimensionless form. The cquantities e;
and e, were equal respectively to 107° and 10°®. To find the friction coeffi-
cient of the plate C;, we used the integral relation integrated along the plate.
The momentum loss thickness entering into this relation was determined from the
resultant distribution U;. The value of dU;/3xz for x3 = O, needed for the
calculation of u,, was determined from the values of U, at the points x3 = O,

ha, 2hz. In this case we used the fact that, at xa = O, we have 3°U;/3x3 = O

18



on the plate.

To define the accuracy of the calculations, certain computations were
checked with half-intervals. It was found that the values of C; in the calcula~
tions agreed with an accuracy of 1.5 - Z%.

As mentioned above, as a consequence of the large scattering of the experi-
mental data, the values of the constants o, ro, C, # and the function ¢(xz/5)
could not be determined with sufficient accuracy. Therefore, a series of calcu-
lations was checked to select the values of the constants and the function
o(xz/8). The constants varied within the scattering of the experimental data.
For each variant of the values of the constants, we calculated the flow in the
boundary layer of a flat plate. The results of the calculation were compared
with the experimental data obtained for the velocity profiles, energy of turbu-
lence, and dependence of the coefficient of friction on the Reynolds number.

As a result of this series, we selected values of the constants which simultane-
ously gave satisfactory agreement between the indicated calculated functional
dependences and the experimental. The following values of the constants were
selected: @ = 0.2, o = 110, C = 3.93, » = 0,4, The function ©w(x2/6) is shown
in Fig.2 as a broken line.

With the selected values of the constants we carried out a series of /22
calculations of flow in the boundary layer of & flat plate for various values
of e, lying in the range

0.0001 < Ve /Uy, <01 .

Figure 5 shows the mean velocity distributions obtained as a result of
integration of the system of equations (5.10), (5.11) for /€3/U, = 0.05, and
Fig.6 gives the co:responding energetic velocity of turbulence /€/U.. The
numerals 1 and 2 in the diagrams denote the distributions obtained at distances
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xy from the leading edge of the plate corresponding to Reynolds numbers of
1.25 x 1¢* and /.82 x 10*. At these Reynolds numbers, the character of the
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mean velocity distribution is still very close to laminar, and the maximal
value of the energetic velocity ot turbulence gradually increases. The numer-

als 3, L, 5 in the diagrams correspond to Reynolds numbers of 1.22 x 107,
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L.07 x 1P, and 9.78 » 10°. In this region a gradual deviation of the character
of the distribution of mean velocity from laminar and an approach to turbulent
is noted.

The energetic velocity of turbulence at first increases markedly and then
begins to diminish, more rapidly in the outer part of the boundary layer owing
to the decrease in the mcan velocity gradient in this portion. The distribution
of the energetic velocity of turbulence shows a characteristic maximum near the

wall which becomes ever sharper. The numerals 6 and 7 correspond to Reynolds
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numbers of 2.12 x 10° and 3.51 x 10°. The distribution of the mean and ener-
getic velocities of turbulence in this range depends weakly on the Reynolds

number. For a comparison, Fig.7 shows the distribution of the energetic velocity
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of turbulence at a Reynolds number of 4.2 X 10° obtained from an analysis of the

experimental data cited elsewhere (Bibl.3). The comparison of Figs.6 and 7 can

26
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be only qualitative since the last of the curves in Fig.6t was obtained at a

Reynolds number of 3.51 x 10°. In addition, the system of equations (5.10),

(5.11) was intcgrated at boundary conditions for a turbulent energy e — O when

x3 = «, whereas the experimental distribution of the energetic velocity of turbu-

lence was obtained in the presence of turbulent perturbations in the vuter flow.
The laminar, transitional, and turbulent regions of the solution of the

system of equations (5.10), (5.11) can be traced more distinctly by examining
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the obtained dependences of the friction coefficiert Cy, on the Reynolds number

B = U.x;/v, which are shown in Fig.8. The experimental data of various authors,
cited in another paper (Bibl.l), are marked by dots in Fig.8. The dashed curve
llo.8 in Fig.8 corresponds to the dependence on the theory of a laminary boundary
layer. The dot-iash curve lio.7 corresponds to the experimental dependence Cp =

= 0.455 (log R)™®®® for a turbulent boundary layer. The solid curves Nos.l - 6
correspond to solutions of the system (5.1C), (5.11), obtained at various /23

values of the quantity /e,/U, given in the initial cross section. The curves

Fig.10

Nos.5 and 6 in Fig.8 correspond to large values of /€,/Us in the initial cross
sectior {C.05 and C.1l, respectively). At large values of e, in the initial
cross section the dependence Cp (R) rapidly deviates from laminar. However, the
end of the transition zone for all values of e, remains the same. Curves Nos.l,
2, 3, L correspond to small values of ,/€;/U~ (C.0001, 0.0005, 0.001, 0.005). At
these values of en, the start of the transition zone shifts to the range of
large values of K and the slope of the curve changes somewhat: A minimum ap-
pears on the curve C¢(R).

At mumbers R > L4 % 10° the dependences C¢(R) for all values of e, merge
into one, enter the domain of the scattering of the test points, and proceed

almost parallel to curve No.7. The distribution of the mean velocity, shown
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in Fig.5, still does not give a complete idea as to the conformity of the solu-
tions of the system of equations (5.10), (5.11) with the experimental data in
the turbulent region of the solution. Therefore, the curves Nos.5, 6, 7 in
Fig.5 and the distribution of the mean velocity obtained for R = 3.26 x 10° are
plotted in Fig.9 as a function of Uy/u, = £(7) (M = wxs/v). The curve No.5 in
Fig.9 corresponds to the dependence Uy/uy = 7 and the curve No.6 to Uy/u, =

= L.9 + 5.6 log . The experimental data of various authors (Bibl.9) are shown
as dots in Fig.9. The solid curves Nos.l, 2, L correspond to the distributions
5, 6, 7 in Fig.5, while the curve No.3 corresponds to R = 3.26 x 10°. For

log T < 2.5, all distributions of the mean velocity, in these variables, yield
one curve which proceeds in the domain of scattering of the test points. The
curves stratify in the outer part of the boundary layer, deviating upward,
which corresponds to the ideas developed elsewhere (Bibl.9). Figure 10 shows
the same mean velocity distribution as in Fig.9, in the form of the dependence
8Uy; = (U; = Ux)/uy, on x/8. This dependence characterizes the velocity dis-

tribution in the outer part of the boundary layer.
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